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David Hilbert claimed that in mathematics “there is no ¢gnorabimus,” no problem which is beyond our
ken to solve. However, many of the central problems of mathematics were subsequently shown to be
unsolvable using the standard axioms of mathematics. My dissertation suggests that Hilbert’s vision
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Dissertation Summary, Determinacy, Sealing, and the Inner Model Problem.

David Hilbert claimed that in mathematics “there is no ignorabimus,” no problem which is beyond our
ken to solve. However, many of the central problems of mathematics have subsequently been shown to
be unsolvable using the standard axiomatization of mathematics. This raises the question whether there
are ignorabimuses, or whether there is a way of discovering principles which bear out Hilbert’s vision. My
dissertation suggests that Hilbert’s vision can be borne out for a significant part of mathematics.

Prospective ignorabimuses arise in the infinite, but infinity also hands us ways of solving some of them.
Logicians began studying strong axioms of infinity, principles which assert the existence of sets so large
that they can neither be proved nor refuted to exist in the standard axiomatization, and used them to solve
some of the ‘unsolvable’ problems. For many mathematicians, these applications of strong axioms are the
definitive solutions to those problems. But there are two complications. First, the standard axiomatization
cannot prove that strong axioms of infinity are consistent. What grounds do we have for believing them
to be? Second, despite their successes—strong axioms of infinity make us ‘omniscient’ with respect to a
large class of mathematical propositions—the currently known strong axioms of infinity cannot settle the
question How many real numbers are there? Are there stronger principles which do?

The consistency of strong axioms is addressed by inner model theory. The inner model theory for a strong
axiom of infinity shows what the entire mathematical domain must look like assuming that axiom holds.
Inner models are paradises of understanding, for their theories are effectively complete: we are omniscient
with respect to any natural question about an inner model’s internal structure. If a given strong axiom
of infinity is inconsistent, that inconsistency should be reflected in its lack of inner model theory. So
if a strong axiom of infinity admits an inner model theory, we have reason to believe it is consistent.
But developing an inner model theory becomes increasingly intractable as one ascends the hierarchy of
increasingly powerful strong axioms of infinity, and to date the most advanced inner model theory covers
a modest initial segment of the hierarchy. The Inner Model Problem is to extend inner model theory to all
strong axioms.

Since strong axioms of infinity do not settle how many real numbers there are, how can we approach
the problem? Is there a set of axioms which rules out the possibility of ignorabimuses in the class of
propositionss unsolved by strong axioms of infinity? If a theory enables us to be omniscient about a class
of propositions, it is Q2-complete for that class in the strong logic called 2-logic. Strong axioms of infinity
are thus 2-complete for the class of propositions they solve. To settle how many real numbers there are,
one would like to lift the restricted 2-completeness provided by strong axioms of infinity to larger classes
of propositions.

In my dissertation, I show how, if 2-completeness extends to certain classes of propositions—so-called
Sealing scenarios—then we undermine any further progress in inner model theory, our approach to the
question of the consistency of strong axioms of infinity. That is, if -completeness holds for certain classes
of propositions assuming reasonable hypotheses, then the Inner Model Problem has no solution, at least
using the current methods for developing inner model theory. In these Sealing scenarios, we’d have an
‘answer’ to how many real numbers there are, but we would have no reason to believe in the consistency
of the principles used to derive it. I also extend 2-completeness to a new class of propositions, and I prove
theorems which suggest that inner model theory can be developed past its current bound and which bear
on the compatibility of principles in the literature which decide how many real numbers there are.

The picture that emerges from my work suggests that—for a significant fragment of the infinite at least—
Hilbert’s vision may be borne out.



